The thermal constriction resistance of a circular contact spot on a coated half-space is developed for both heat flux and temperature-specified boundary conditions on the contact. Solutions are obtained with the Hankel transform method for flux-specified contacts and with a novel technique of linear superposition for the mixed boundary value problem created by an isothermal contact. A comparison of the results obtained shows that the thermal constriction resistance, which is based on average contact temperature, is insensitive to the contact boundary condition for most practical purposes. 
=relative layer thickness (= 6 / u ) Presented as Paper 85-1014 at the AIAA 20th Thermophysics Conference, Williamsburg, VA, June 19-21, 1985; received Jan. 15, 1987 T when two rough surfaces are brought into contact and heat is transferred across their interface. As shown in Fig. 1 , heat crosses the interface by conduction through small discrete contact areas under the assumption of no fluid in the gap and negligible radiation. The different modes of heat transfer can be dealt with separately, and the gap resistances are usually modeled as acting in parallel with the contact resistance. For most problems where contact resistance is significant, the conduction through the contact area is the dominant mode of heat transfer.
In recent years considerable interest has arisen in the thermal contact resistance of coated or layered surfaces. Examples of such situations are the oxide layers formed on pressure tube materials in nuclear reactors' and intentional coatings added to decrease the thermal contact resistance in electric components.2 The contact spots on the coated surfaces are usually still modeled as uniformly distributed circular contact areas as originally outlined in the classical theory of conforming rough surfaces. Because in practice a vast number of contacts are produced, each discrete contact spot on the coated surface is modeled as a circular contact area located on a concentric circular flux tube of semi-infinite length as shown in Fig. 2 . By symmetry arguments, the contact area should be isothermal, and outside the contact area the top surface of the flux tube is adiabatic under the previous assumption of vacuum in the gap and negligible radiation. These physical boundary conditions create a mixed boundary condition that is difficult to deal with analytically. However, by prescribing some known flux distribution over the contact area, a Neumann specified problem results, and thus an analytical solution can be found by separation of variable^.^ Unfortunately, under some real contact conditions, this analytical solution is very impractical. When the contact pressure between the two rough surfaces is relatively light and/or the surface coating is extremely hard as with oxides, the contact spots are located far from each other. Under these conditions, where contact resistance is largest, the analytical solution in the form of an infinite Fourier-Bessel series requires several thousand terms for convergence.
Essentially though, under these conditions, the individual contact spots are each behaving thermally as single contacts on a layered half-space. For this case a different solution method is required. In this work the thermal constriction resistance of a circular contact spot on a layered half-space as shown in Fig.  3 will be determined by Hankel transform methods. By using this method, a variety of contact boundary conditions can be considered easily.
Theoretical Derivation
For the layer (region 1) in perfect contact with a homogeneous substrate (region 2) as shown in Fig. 3 , 
where A ( h ) and B ( X ) are arbitrary functions of the transformed radial coordinate X. Similarly the transformed J. THERMOPHYSICS temperature in region 2 can be written as
T2(1,z) =C(X)e-k + D ( h ) e k
The transformed boundary conditions are
where f( X) is the transformed surface flux given by
The two surface heat fluxes considered in this work are a uniform heat flux over a circular contact radius a, or which gives and an equivalent isothermal heat flux over a circular contact of radius a. or which gives
In both cases the Heaviside Unit Step Function H ( . ) was used to indicate the adiabatic surface condition outside the circular contact region and J , ( -) is the Bessel function of the first kind of order one. The second flux distribution is commonly called the equivalent isothermal because it is the exact flux that results from an isothermal circular contact on a homogeneous adiabatic half-space. It was anticipated that this flux distribution would give a good estimation of the true isothermal contact condition for a layered half-space. The validity of this assumption will be tested later when an approximate solution to the true mixed boundary value problem is made.
From Eq. (15) 
In a thermal contact resistance problem, the main interest will be only in the contact temperature, or
Since -1 1a5 1, then lae-2A* I I 1, and Eq. (28) can be expanded by the binomial theorem to give
The actual surface temperature rise is found by applying the inverse Hankel transform H,-I , which coincidentally is identical to the normal Hankel transform operator, or
Therefore, the surface temperature rise for the layer in perfect contact with a semi-infinite substrate as shown in Fig. 3 is
Constriction Resistance for Flux-Specified Contact Conditions
The constriction resistance of the circular contact spot on a coated half-space is defined as
where Q is the total heat flux over the contact and T, the average contact temperature rise given by (33) Furthermore, a dimensionless thermal constriction resistance parameter is defined as
If a uniform heat flux is prescribed over the circular contact then by combining Eqs. (18) and (31) 
Thus, the thermal constriction resistance parameter for a uniform heat flux prescribed over the contact is given by y = 2 n 2 p + 1 where I,, is integrated numerically with Eq. (38) for n o < 0.5 (or y < 1.5) or II2 is evaluated directly by Eq. (39) for n 0~0 . 5 (or 7 2 1.5) with a maximum relative error of about 0.01%.
Similarly, if an equivalent isothermal heat flux is prescribed over the circular contact, the constriction parameter denoted by the subscript ei is given by where the integrals I,, and Z22 are given by6s9 dh J , (ha) sin (ha) 
Constriction Parameter for an Isothermal Contact
As mentioned previously, one contact boundary condition of major interest is that of an isothermal contact. Since the remainder of the surface of the coated half-space is modeled as adiabatic, a mixed boundary value problem results for the polar coordinates of Fig. 3 .
One technique for solving such a mixed boundary value problem with Hankel transforms consists of posing the solution in terms of dual integral equations.I0 However, for the problem of a layer in perfect contact with a semi-infinite substrate, the integrands of the dual integral equations are quite complex.
A similar approach to solve the mixed boundary value problem approximately requires the linear superposition of two or more Neumann or flux-specified solutions such that a nearly isothermal contact temperature results. By requiring the contact temperature rise to be isothermal only in a leastsquares sense, better accuracy is obtained for the constriction parameter based on an integrated or average temperature than is obtained for the actual temperature."
In this particular problem, only two flux-prescribed solutions will be considered. When written as the linear superposition of uniform flux and equivalent isothermal flux solutions, the temperature rise on the contact is (47) where C , and C2 are dimensionless scaling factors and g, ( p ) and g 2 ( p ) represent, respectively, the form of the contact temperature profiles resulting from the uniform flux and equivalent isothermal flux cases. The functions g, ( p ) and g, ( p ) can be written as
g, ( P ) =I41 + 2 ( -1 ) n a n z 4 2 (49)
The integrals of Eqs. (48) and (49) where in Eqs. (63) and (64), E implies E : ,.
[
The dimensionless thermal constriction resistance parameter for the approximately isothermal contact will be 4u denoted as and is defined as 
Because of the choice of test points, Tc = Tsp. The total heat flux Q is given by the sum of total fluxes from each prescribed flux distribution, or (57) It is now required to determine the dimensionless scaling factors C, and Cz by a linear least-squares analysis. If it is assumed that the desired contact temperature is T, = Tsp, then a dimensionless error in the approximate contact temperature given by Eq. (47) can be defined as (59) where the dimensionless contact position u = p / a is used to define a "test point" u,. If N test points are chosen for the domain 0 I u < l , then the sum of the errors squared is Obviously, since CI and C, are linear scaling factors they will be linearly proportional to the value of T, chosen. For convenience, a value of Tsp = qoa/k will be chosen so that Eq. (60) becomes
Since the ultimate goal of this work will be to obtain an accurate approximation of the constriction parameter for an isothermal contact, the test points are chosen such that maximum accuracy in the average temperature over the contact is achieved. As discussed in Ref. 11, this With the method of least squares, the unknown constants C, and C, are to be chosen such that E, is minimized or
Since T, has been given the value qoa/k then $ai becomes
Presentation and Discussion of Results
To generate results for the three different constriction parameters considered for this work, double-precision computations (15 digits) were made in compiled BASIC on an IBM personal computer. For all the constriction parameters, the summation of infinite but monotonically convergent series was required. The convergence of these series was greatly accelerated by multiple use of the Shanks series transform, l 3 which typically produced the accuracy of 100-200 terms with only 10-20 terms for the series of this work. For many of the series encountered in the expressions for the constriction parameters, computations of complete and incomplete elliptic integrals of the first and second kinds were required. These functions were computed efficiently and accurately by using the process of arithmetic-geometric mean and the descending Landen transformation. I4
The accuracy of the approximate solution to the mixed boundary value problem can be judged partially by examining the actual contact temperature rise produced by the superposition of the two solutions. Ideally the contact temperature should be nearly isothermal, and any slight deviations should offset each other so that maximum accuracy is attained for the integrated result $, , . This goal was successfully achieved to acceptable accuracy over ranges of dimensionless thermal conductivity ratios K = k , / k z , and dimensionless layer thickness, fl = 6 / a , which should encompass most anticipated applications (0.01 ID< 100, 0.01 < K S 100). Note that when is large or K nears unity, the equivalent isothermal flux distribution alone produces a nearly isothermal contact temperature. Thus, the largest temperature deviations occurred when K tended to 0.01 or 100 and P decreased towards 0.01. The worst deviations from an isothermal contact temperature were on the order of 5070, but nearly all temperature deviations were less than 1 Yo. However, from the experience gained in Ref. 11, the error in $a, with respect to the true isothermal constriction parameter should be considerably less than that of the hybrid temperature profile because the local errors tend to cancel out in the integrated result. In Figs. 4 and 5 distribution [gl ( u ) ] nor the equivalent isothermal flux distribution [ g, ( u ) ] produce nearly isothermal contact temperature profiles. However, their linear superpositions with the constants C, and C, as indicated in Figs. 4 and 5 produce contact temperature profiles that are nearly isothermal and fluctuate about the desired result.
In Table 1 , the thermal constriction resistance parameters for the three contact boundary conditions considered in this work are tabulated for the range of dimensionless thermal conductivities and relative layer thicknesses 0. 
Contact temperature rise for the Neumann solutions and their
proximately isothermal contact condition are seen to be lower than those of the equivalent isothermal flux distribution. This differs from previous experience with flux tubes," where the equivalent isothermal flux and uniform flux distributions are found to be the respectively lower and upper bounds for the mixed boundary condition. When the relative layer thickness reaches p= 100, the value of K in the range 0 . 0 1~~~1 0 0 is seen to have a negligible change in any of the constriction parameters. Also, when p< 1, the equivalent isothermal flux distribution and approximate isothermal contact temperature results are nearly identical. Most importantly though, the results of Table 4 show that the three constriction parameters, coated half-space. An approximate solution for the case of an isothermal contact has been obtained by using a linear superposition technique that combines the flux-specified solutions by a least-squares criterion.
After comparing the resultant constriction parameters computed over a wide range of relative layer thicknesses and layerto-substrate thermal conductivity ratios, the effect of the contact boundary condition on the thermal constriction resistance poses, the assumption of a flux-specified contact boundary condition that does not create a mixed boundary value problem is adequate for predicting the thermal constriction parameter. A correlation of the thermal constriction resistance parameter has been provided for coated surfaces where the layer has a lower thermal conductivity than that of the substrate.
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has been found to be minimal. Thus, for most practical pur- which differ only by about 8% for the limiting case of K = 1 or 8-00, also differ by about 11% for the most severe case investigated of 8 = 0.01 and K = 100. For many practical applications in contact resistance, uncertainties in the surface characteristics or material properties can easily introduce errors greater than 11 Vo. Thus, for most engineering purposes, the thermal constriction resistance parameter of a circular contact on a coated half-space is found to be very insensitive to the actual contact boundary condition over a wide range of relative conductivities and layer thicknesses.
Correlation of Results
The approximate isothermal constriction parameter is shown graphically in Fig. 6 where 8' 'log108 The maximum relative error associated with Eq. (68) is approximately 2.6% at 8 = 0.01, K = 0.2. Attempts have also been made to correlate the data obtained for the conductive layers, 1 I K I 100, but a single convenient expression such as Eq. (68) has not yet been determined with acceptable accuracy.
Conclusions
An analytical method based on the Hankel transform technique has been developed to determine the thermal constriction resistance of a flux-specified circular contact on a
